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Time Scales
A time scale is a procedure for assigning names to consecutive instants
(Judah Levine, NIST, 2012)
 [example of the name] 08:35:21 UTC
 The second defined by cesium atom is the primary unit of time interval
since 1967 (the 13th CGPM)

Ref.> G Panfilo and F Arias, Metrologia 56 (2019) 042001
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UTC
 international reference time scale: the extreme reliability and long-term
frequency stability are required
 calculated time scale based on the time comparison data of atomic clocks
distributed worldwide for generating the local time scale UTC(k)
 deferred time scale:  45 days deferred from the first data of UTC(k)
 the algorithm for UTC consists of two algorithms:
1) prediction algorithm: updated in 2012
 quadratic model for describing the frequency drift of atomic clocks
 well predict the behaviour of H-masers
2) weighting algorithm: updated in 2014
 the basic principle: a good clock is a predictable clock
 H-masers can contribute to the time scale with a significant weight
 The difference between UTC and UTC(k), UTC-UTC(k), and its uncertainty
are monthly published in Circular T
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BIPM Annual Report on Time Activities, 2018

• Ratio of HMs : 34 % of the total number of clocks
• Ratio of HMs with maximum weight : 42 % of total HMs, 14 % of total clocks
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Ratio of labs using HMs
- 6 - for UTC(k) 40 %

UTCr
 rapid realization of UTC: every week published (every Wednesday
afternoon in UTC), based on daily data provided by laboratories
 implemented in July 2013 by the BIPM time department
 UTCr uses the same algorithm (prediction and weighting) as UTC
 the goal of UTCr: to minimize the time difference [UTC-UTCr]

Fig. Comparison of UTC and UTCr.

2 ns

ref.> G Panfilo and F Arias,
Metrologia 56 (2019) 042001
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Clock Model
A clock can be characterized in terms of 3 deterministic parameters:
 x(t): the time difference between the clock and its reference at epoch t
(unit: s)
 y(t): the relative frequency of the clock at epoch t (unit: s/s)
 d(t): the frequency drift of the clock at epoch t (unit: s-1)
The evolution of the parameters from (t-t) to t :
𝑥 𝑡 = 𝑥 𝑡 − Δ𝑡 + 𝑦 𝑡 − Δ𝑡 ∙ ∆𝑡 + 12 𝑑 𝑡 − ∆𝑡 ∙ ∆𝑡
𝑦 𝑡 = 𝑦 𝑡 − Δ𝑡 + 𝑑 𝑡 − Δ𝑡 ∙ ∆𝑡 + 𝜂,
𝑑 𝑡 = 𝑑 𝑡 − Δ𝑡 + 𝜁,

2

+ 𝜉,

1
2
(3)

where 𝜉, 𝜂, 𝜁 are the stochastic contributions (3 noise parameters) to the
time difference, relative frequency, and frequency drift, respectively.
They are assumed to be uncorrelated, zero-mean processes with specified
variances.
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Time Series
 Time series: observed (or measured) data at equally spaced time points
 Examples: Daily stock market quotations, Consumer price index,
Business index, Monthly unemployment figures,
Functional magnetic resonance imaging of brain-wave patterns,
Time difference data for generation of UTC(k), etc.
Fig. Yearly average global temperature deviations (1880-2015) in degree centigrade.

ref.> Robert H. Shumway and David S. Stoffer, Time Series Analysis and Its Applications,
Fourth Edition, Springer, 2017.
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Characteristics of Time Series
 Time series data show an obvious correlation between adjacent points in
time, which can severely restrict the applicability of the conventional
statistical methods. Because they depend on the assumption that the
adjacent data are independent and identically distributed.
 Example of the conventional statistical method:
 Linear regression analysis, t-distribution, 𝜒 2 -distribution, etc.
 They assume that all observed data are independent.
 Covariance (and correlation coeff.) of the data (X, Y) is zero: cov(X, Y)=0
cov 𝑋, 𝑌 ≡ 𝜎𝑋𝑌 = E 𝑋 − 𝜇𝑋 𝑌 − 𝜇𝑌

= E 𝑋𝑌 − 𝜇𝑋 ∙ 𝜇𝑌

where E denotes the expected value operator, 𝜇𝑋 and 𝜇𝑌 denote the mean
of the variables X and Y, respectively.
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Autocovariance and Autocorrelation
 The autocovariance measures the linear dependence between two points
on the same series observed at different times, s and t.
 The autocovariance function is defined as
𝛾𝑥 𝑠, 𝑡 = cov 𝑥𝑠 , 𝑥𝑡 = E[ 𝑥𝑠 − 𝜇𝑠 𝑥𝑡 − 𝜇𝑡 ]

• if 𝛾𝑥 𝑠, 𝑡 = 0, 𝑥𝑠 and 𝑥𝑡 are not linearly related
• for 𝑠 = 𝑡, the autocovariance reduces to the variance
𝛾𝑥 𝑡, 𝑡 = E 𝑥𝑡 − 𝜇𝑡 2 = var(𝑥𝑡 )

 The autocorrelation function (ACF) is defined as
𝜌(s, t)=

𝛾(𝑠,𝑡)
𝛾(𝑠,𝑠)𝛾(𝑡,𝑡)

=

autocovariance of 𝑥𝑠 and 𝑥𝑡
var 𝑥𝑠 var(𝑥𝑡 )

• −1 ≤ 𝜌(𝑠, 𝑡) ≤ 1

• ACF measures the linear predictability of the series at time t, say 𝑥𝑡 ,
using only the value 𝑥𝑠 .
• if 𝜌 = 1 or − 1, we can predict 𝑥𝑡 perfectly from 𝑥𝑠 through a linear
relationship, 𝑥𝑡 = 𝛽0 + 𝛽1 𝑥𝑠 .
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Assumptions of Time Series Analysis
 A sort of regularity exists over time in the behavior of a time series, called
stationarity
 A stationary time series is a finite variance process such that
(i) the mean value function, 𝜇𝑡 , is constant  does not depend on time t
(ii) the autocovariance function, 𝛾 𝑠, 𝑡 , depends on s and t only
through their difference 𝑠 − 𝑡 .



(i) A stationary time series is independent of time t : 𝜇𝑡 = 𝜇
(ii) Let 𝑠 − 𝑡 = ℎ, where h represents the time shifts or lag. Then
𝛾 𝑡 + ℎ, 𝑡 = cov 𝑥𝑡+ℎ , 𝑥𝑡 = cov 𝑥ℎ , 𝑥0 = 𝛾(ℎ, 0)

 Example: Stationarity of white noise
 the mean of white noise : 𝜇𝑤 = 0

 autocovariance function : 𝛾𝑤 ℎ = cov 𝑤𝑡+ℎ , 𝑤𝑡
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2
𝜎
𝑤
=
0

ℎ = 0,
ℎ ≠ 0.

not fitted

Box-Jenkins Method
Observed time series
data

 Box and Jenkins developed
ARIMA models in 1970

Model identification

 ACF and PACF
 AR, MA, ARMA, ARIMA models

Parameter estimation

 Maximum Likelihood Estimation
 Least square method

Model diagnostic
checking

 The residuals are uncorrelated
like white noise?

fitted

Model selection

 Principle of parsimony
 AIC or BIC

Forecasting
The purpose of time series analysis is forecasting well the future.
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ARMA Model
 ARMA model for stationary time series
 AR (Auto-Regressive) model + MA (Moving Average) model

 AR(p) : AR model of order p
- the current value can be explained as a function of p past signals:
𝑥𝑡 = 𝜙1 𝑥𝑡−1 + 𝜙2 𝑥𝑡−2 + ⋯ + 𝜙𝑝 𝑥𝑡−𝑝 + 𝑤𝑡 ,
where 𝑥𝑡 is stationary, 𝑤𝑡 ~𝑤𝑛 0, 𝜎𝑤2 , and 𝜙1 , 𝜙2 , ⋯ , 𝜙𝑝 are constants.
 MA(q) : MA model of order q
- the current value can be explained as a function of q past white noises:
𝑥𝑡 = 𝑤𝑡 + 𝜃1 𝑤𝑡−1 + 𝜃2 𝑤𝑡−2 + ⋯ + 𝜃𝑞 𝑤𝑡−𝑞 ,
where 𝑤𝑡 ~𝑤𝑛 0, 𝜎𝑤2 , and 𝜃1 , 𝜃2 , ⋯ , 𝜃𝑞 (𝜃𝑞 ≠ 0) are parameters.
 ARMA(p, q) : AR(p) + MA(q)
- the current value can be explained as a function of p past signals and
q past white noises:
𝑥𝑡 = 𝜙1 𝑥𝑡−1 + ⋯ + 𝜙𝑝 𝑥𝑡−𝑝 + 𝑤𝑡 + 𝜃1 𝑤𝑡−1 + ⋯ + 𝜃𝑞 𝑤𝑡−𝑞 ,
with 𝜙𝑝 ≠ 0, 𝜃𝑞 ≠ 0, and 𝑤𝑡 ~𝑤𝑛 0, 𝜎𝑤2 .
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ARIMA Model
 ARIMA: Auto-Regressive Integrated Moving Average
 Nonstationary model: stationary model (ARMA) + differencing
 ARIMA model includes differencing, which leads to a stationary process
𝛻𝑥𝑡 ≡ 𝑥𝑡 − 𝑥𝑡−1 = 𝑥𝑡 − 𝐵𝑥𝑡 = 1 − 𝐵 𝑥𝑡 ,
- B is the backshift operator, which is defined as 𝐵𝑥𝑡 = 𝑥𝑡−1
- Differences of order d are defined as 𝛻 𝑑 = (1 − 𝐵)𝑑
 The differencing technique is an important component of the ARIMA model
: The first difference, 𝛻𝑥𝑡 , eliminates a linear trend.
: The second difference, 𝛻 2 𝑥𝑡 , can eliminate a quadratic trend.

 Definition of ARIMA model : A process is said to be ARIMA(p, d, q) if
𝛻 𝑑 𝑥𝑡 = (1 − 𝐵)𝑑 𝑥𝑡 becomes ARMA(p, q).
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Time difference / ns

Original (UTCr-H26) data

start predictions
at MJD 58619 

May 16, 2019

Auto Correlation Function

Date (from MJD 58120 to 58724) Jan. 2, 2018 to Aug. 29, 2019
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Time difference / ns

1st difference of the (UTCr-H26) data

Auto Correlation Function

Date (from MJD 58120 to 58724)
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Time difference / ns

2nd difference of the (UTCr-H26) data

Auto Correlation Function

Date (from MJD 58120 to 58724)
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Allan Deviation




ADEV shows the frequency stability of a clock relative to the reference clock
The time difference of the clocks is the primary observable
The ADEV includes the second-difference (d=2) of the time difference of a clock
with respect to the reference clock

𝐴𝐷𝐸𝑉 = 𝜎𝑦 𝜏 =

𝜎𝑦 𝜏 =

1
2(𝑀 − 1)

1
2(𝑁 − 1)𝜏 2

𝑀−1

(𝑦𝑖+1 − 𝑦𝑖 )2
𝑖=1

𝑁−2

(𝑥𝑖+2 − 2𝑥𝑖+1 + 𝑥𝑖 )2

where 𝑦𝑖 is the average frequency
𝑥𝑖+1 − 𝑥𝑖
𝑦𝑖 𝜏 =
𝜏
where 𝑥𝑖 is the time difference
or the phase of the clock (unit: s)

𝑖=1

2nd difference

(𝑥𝑖+2 − 2𝑥𝑖+1 + 𝑥𝑖 )2 = [ 𝑥𝑖+2 − 𝑥𝑖+1 − 𝑥𝑖+1 − 𝑥𝑖 ]2
1st difference

1st difference

 The 2nd difference makes the phase become stationary.
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Allan Deviation of H-masers
H26: CH1-75A, H28: iMASER 3000
data from manufactures’
specifications

Allan Deviation, 𝜎𝑦 (𝜏)

1E-13

𝜏 −1/2  white frequency noise
1E-14

1E-15

@1 hour
@1 day

1E-16

Sampling Time,  / s
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ARIMA Model and R-program
 Basic steps for fitting ARIMA model to time series data

 observing time series data
 identifying the model : ARIMA(p,d,q)
 parameter estimation : coeff. AR, MA
 diagnostics : check the residuals
 model choice

(UTCr - clock)/ ns

From MJD 58260 to 58720

 these all steps can be completed with one function of the packaged
programming language R.
 Example: the function “auto.arima(x)” in the package “forecast”
 forecasting : the function “forecast(auto.arima(x))” in the same package
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UTC(k) Generation System
UTCr - HM = t
t : time difference
If we make t be 0
through AOG,
then UTCr = HM.
UTC(k) - HM
 UTCr - UTC(k)

 The output of
AOG (= UTC(k))
equals to UTCr.

UTCr - HM

 UTC(k)=UTCr + 
: forecasting error
= residual

commands to control
the phase or frequency
of the microphase-stepper
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Procedure to get consecutive residuals of (UTCr-H26)
1) We get clock comparison data at 00:00 UTC everyday. The 7-day data are sent to
BIPM on Sunday for contributing to generation of UTCr.
2) BIPM publishes [UTCr-UTC(k)] up to the preceding Sunday on Wednesday
afternoon. Then we get (UTCr-clock) data by adding the [UTCr-UTC(k)] and
[UTC(k)-clock] data measured with the Multi-channel Measurement System.
3) Using the (UTCr-clock) data up to the preceding Sunday and programming
language R, we forecast (UTCr-clock) data for next 10 days from this Monday to
next Wednesday on Thursday morning. However, the data from Monday to
Wednesday are useless, because the days passed.
(W-1) week
M T

W Th F

S

W week: this week
Su

M T

BIPM publishes
[UTCr-UTC(k)]

W Th F

S

Su

(W+1) week
M T

W Th F

S

Su

We forecast
useless

(UTCr-clock)
useless

On the Thursday morning, we can get the residuals
(= observed – predicted) up to the previous Sunday.
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Wed.

Example of the R-program
1) Read data from data file
>library(forecast)
# call the package for ARIMA model and forecasting
>library(readxl)
# call the package for reading excel files
>fn_r<-"190828_58713_H26.xlsx“
# file name of raw data (UTCr-H26)
>raw_dat<-read_excel(fn_r)
# read the raw data from the excel file

2) Analysis of the data and forecasting next 10 days
>aax<-auto.arima(x)
>fcx<-forecast(aax,h=10)
>fcx<-fcx$mean[1:10]

# analysis and characterization of the (UTCr-H28) data
# forecasting next 10 days

3) Save the results
>setwd("D:/R_clock data/H_data/New_update/TXT")
>fn_w<-paste(fn,"ARIMA.txt",sep="_")
>sink(file=fn_w)
>fn_w
>c("Data by auto.arima & forecast")
>summary(aax)
>sink()
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# output file name

Results of forecasting with ARIMA model
 Minimizing 𝜎𝑘2 is an objective.
 Minimum AIC, AICc or BIC specifies
the best model. So, less k is better.
 “principle of parsimony”
10 days

ARIMA(p, d, q): p=0, d=2, q=2
coefficients of moving average model

 maximum likelihood estimator

 AIC : Akaike’s Information Criterion
 AICc : AIC, Bias Corrected
 BIC : Bayesian Information Criterion
AIC = log 𝜎𝑘2 +

𝑛+2𝑘
𝑛

𝜎𝑘2 =

= −2 log 𝐿𝑘 + 2𝑘

𝑆𝑆𝐸(𝑘)
𝑛

SSE(k) : residual sum of squares
k : number of parameters in the model

𝐿𝑘 : maximized likelihood
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Statistical Terms
linear regression model

𝑌

observed
data

𝑌 = 𝛽0 + 𝛽1 𝑋

𝑦𝑖

average
𝑦
of all 𝑦𝑖

𝑥
average
of all 𝑥𝑖

𝑥𝑖
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𝑋

Statistical Terms

(continued)
linear regression model

𝑌

observed
data

𝑌 = 𝛽0 + 𝛽1 𝑋

Residual Sum of Squares (RSS)
= Sum of Squared Residuals (SSR)
= Sum of Squared Errors (SSE)
𝑛

𝑦𝑖

(𝑦𝑖 − 𝑦𝑖 )2

𝑆𝑆𝐸 =
𝒚𝒊 − 𝒚𝒊 (residual)
𝑦𝑖 − 𝑦
𝒚𝒊 − 𝒚 (regression)

𝑖=1

Sum of Squares Regression
𝑛

(𝑦𝑖 − 𝑦)2

𝑆𝑆𝑅 =

𝑦

𝑖=1

Total Sum of Squares
𝑛

(𝑦𝑖 − 𝑦)2

𝑇𝑆𝑆 =

𝑥

𝑥𝑖

𝑋

𝑖=1

 Residuals = forecast error: difference between the observed data and predicted data
 Least squares method: method to get the linear regression to minimize SSE
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Result: Comparison of Time Difference Data

BIPM data

Residuals:
UTCr-H28
peak-to-valley:
6.2 ns
Residuals:
UTCr-H26
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The accuracy of
UTC(k) is
limited by the
forecast error
(=residual).

Adjust frequency of AOG for H26
Every Thursday morning (before 0 UTC),
we will adjust the frequency offset of AOG.
AOG adjust frequency for H26
144.00
142.00
140.00

adjust frequency /1E-15

138.00
136.00
134.00

@58633

132.00
130.00

58723

58719

58715

58711

58707

58703

58699

58695

58691

58687

58683

58679

58675

58671

58667

58663

58659

58655

58651

58647

58643

58639

58635

58631

58627

58623

128.00
58619

Relative frequency
for one day
= residual / 86400

MJD

 maximum frequency change for 105 days : 4.910-15 @ 58633
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Summary
 For generation of UTC(k), we propose the time series analysis method which fits
(UTCr - clock) data to the ARIMA model.
 The packaged programming language R is used for the analysis and prediction of
the (UTCr – clock) data.
 The ARIMA (p=0, d=2, q=2) model is found to be adequate when we use hydrogen
masers (we call H26 and H28). Here, d = 2 means that differencing technique
applies twice to the original (UTCr – clock) data.
 The residuals (= the observed - predicted values) show the peak-to-valley
variation of 6.2 ns for 106 days, which is just one-sixth of the real [UTCrUTC(KRIS)] during the same period.
 To get UTC(KRIS) with this method, we will control the frequency offset of the
microphase-stepper, which corresponds to the residuals. The maximum relative
frequency offset is found to be only 4.9  10-15 for 106 days.
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